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Brouwer’s fixed point ffieorem
Theorem (Hadamard-Brouwer). Let $C$ be a compact convex subset ofan n-dimensionalEuclidean space




2 $C$ $n$ 3 ( )
3 ( ) $n$ $[0,1]^{n}$
n
1755 2011 160-170 160




Theorem. Let $n$ be apositive integer. Let $g$ be a continuous mappingfrvm $[0,1]^{n}$ into itself. Then, there





$[0,1]^{n}$ 2 $x=(x_{1},x_{2}, \cdots,x_{n})$ $y=(\gamma_{1},y_{2}, \cdots,y_{n})$
$x$ ( ) $x,y$
$\Vert x\Vert=(x_{1}^{2}+_{2}+\cdots+x_{n}^{2})^{1/2}$ , $d(x,y)=\Vert x-y\Vert=((x_{1}-y_{1})^{2}+(x_{2}-y_{2})^{2}+\cdots+(x_{n}-y_{n})^{2}))^{1/2}$
22 ( )
$[0,1]^{n}$ $\{x_{n}\}$ $c$ $\lim_{narrow\infty}\Vert x_{n}-c\Vert=0$ $\{x_{n}\}$ $c$
$c\in[0,1]’$’
23 ( )
$[0,1]^{n}$ $R^{m}$ $f$ $a\in[0,1]^{n}$ $\lim_{xarrow a}\Vert f(x)-f(a)\Vert=0$ $f$ $a$




$[0,1]^{n}$ 2 $\{x_{n}\}$ $\{y_{n}\}$ $\lim_{narrow}$ $\Vert x_{n}-y_{n}\Vert=0$
$\{x_{n}\}$ $c$ $\{y_{n}\}$ $C$
26 ( $f$ )
$f$ $[0,1]^{n}$ $R^{n}$ $X\in[0,1]^{n\text{ }}f(X)=(\gamma_{1},y_{2}, \cdots,y_{n})$
$i$ $fi(x)=y_{i}$ $[0,1]^{n}$ $R$ $n$ fi
27 (1 )
$[0,1]^{n}$ $R$ $f$ $x,y\in[0,1]^{n}$ $f(x)f(\mathcal{Y})\leq 0$ $f(C)=0$









$0\infty\dashv 0\mapsto 0_{f}-\langle om$
:
. 0 1 0 1
. $0$ $t$ $0$
. 0 1 : 0 2 :
$0$ ( ) $S_{1}=$ $+2b$
. 1 ($S_{1}$ 1 )
. $t-1$ $0$ 2 ($S_{1}$ 2 )
. $S_{1}=$ $+2b=1+2(t-1)$, $=2(t-b)-1$ .
( 1 )
2 : 3 3 3 0,1,2
3








(p2) $\ell$ ( 1 )
(P3) $\ell$ 1 3 2 3 (3 )






3 ( ) 3 ( ) 3 3
? 3 ? 3
3 ? 3
( ) 3 $(P1)-(P4)$
2
:




$\ell$ 1 3 : $h$ , $\ell$ 2 3 : $b$
3 $\ell$ ( ) $S_{2}=h+2b$
$e$ $\ell$ 1 3






(P4) ( $\ell$) $\ell$ 3
(Pl) (P2) 2 3 $\ell$
3.1 (T-lemma) 3 $\Sigma$ ( 3
$)$ {0,1,2} 3 {0,1} 2
( T- ) 3




(3 ) T-lemma lemma
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4Brouwer’s $flx\omega\cdot polmt$ theonm (2 )
3 T-lenmm 2 Brouwer’s fixed-point theorem
3 3 5
proof line
. $g$ $[0,1|^{2}$ $[0,1]^{2}$ $x\in[0,1]^{2}$ $f$ $f(x)=g(x)-x$
. $x\in[0,1]^{2}$ $fi(x)$ $f(x)$ 1 $f_{2}(x)$ 2. $f$ $[0,1]^{2}$ $R^{2}$ fi, $f_{2}$ $[0,1]^{2}$ $R$













. $x$ $g$ $g(x)$ $f(x)=g(x)-x$ $x$ ( )
. $fi(x)$ (X) $x$ $y$ ( )
( )






2 $+$ 1 2 B- $L_{2}$ $p$ $i$ $(p)_{i}$
(2) $(p)_{2}>0$ $f_{2}(p)\leq 0$ 2
(1) $(p)_{1}>0$ $fi(p)\leq 0$ 1
(0) $p$ $0$ (fi $(p)\geq 0,$ $f_{2}(p)\geq 0$ )$\circ$
B-
$((p)_{2}=1)$ $f_{2}(p)\leq 0$ $((p)_{1}=1)$ $(p)\leq 0$
1 2 $0$
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$((p)_{1}=0)$ 1 $((p)_{2}=0)$ 2
(1) (0)
$0$ 1 1 B-
1 B- (T- )
$0$ 1
$0$ 1 2 T-
2 T-lemma 3 3
$0$ 1 1 $0$ 2
1 fi $(a_{n})=0,$ $f_{2}(b_{n})=0$ 2 3
3 2 $f$
proof line 2





$g(c)=c$ $c$ $[0,1]^{2}$ 1
: $f(x)=g(x)-x$ fi(X) (X) $f(x)$ 1 2
(1) $[0,1]^{2}$ $n\cross n$ $p(i,j)=(i/n,j/n)(i,j=0,\cdots,n)$
$i,j=0,\cdots,n-1$ 3 ( 3 )
$\{p(i,j),p(i+1,j),p(i+1,j+1)\}$ $\{p(i,j),p(i,j+1),p(i+1,j+1)\}$ .
$j>0$ $f_{2}(p(i,j))\leq 0$ $p(i,j)$ 2
$i>0$ $f](p(i,j))\leq 0$ $p(i,j)$ 1
$p(i,j)$ $0$ (B- )
$j=0$ $0$ 1 1 $T-$
$j=0$ $0$ 1 (1 T-lemma)
$0$ 1
2 $T-$
0,1,2 3 (2 T-lemma)
(2) 3 0,1,2 $p0,$ $p_{1},$ $p_{2}$
$f_{2}(p_{2})\leq 0,$ $f_{2}(p_{0})\geq 0$ fi(pl) $)\leq$ 0, (pO) $)$ $\geq 0$ 1
fi $(a_{n})=0$ $a_{n}$ $(1-t)p0+tp\iota(0\leq t\leq 1)$
$f_{2}(b_{n})=0$ $b_{n}$ $(1-t)p0+tp_{2}(0\leq t\leq 1)$
$\Vert a_{n}-b_{n}\Vert\leq\Vert p_{1}-p0\Vert+\Vert p_{2}-p0\Vert\leq 2\sqrt{2}/n$
$\circ$
(3) $n$ $a_{n}$ $b_{n}$ 2 $\{a_{n}\}$ $\{b_{n}\}$
$\{a_{n}\}$ $\{a_{n_{k}}\}$ $\lim_{narrow\infty}\Vert a_{n}-b_{n}\Vert=0$ $\{b_{n_{k}}\}$
$c\in[0,1]^{2}$ $f1(c)= \lim_{karrow\infty}fi(a_{n_{k}})=0$, $f_{2}(c)= \lim_{karrow\infty}f_{2}(b_{n_{k}})=0$.
$f(c)=g(c)-c=0$
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5 Brouwer’s $flxe4$-point lheonm









$n,m,k$ $n,m$ $l$ $N_{k}=\{1,2,\cdots,l\},$ $M_{l}=$
$\{0,1,2, \cdots,l\}$ $n$ $\Vert\cdot\Vert$
$R_{n}$ $(a,0, \cdots,0)$ $a$ $[0,1]^{n}=\{x\in R^{n}:(x)_{i}\in[0,1], i\in N_{n}\}$
$(x)_{i}$ $x$ $i$- $A$ $\#(A)$ $A$
. $e_{1}=(1/m,0, \cdots,0)$ , $e_{2}=(0,1/m,0, \cdots,0)$ , $\cdot\cdot\cdot$ , $e_{n}=(0, \cdots,0,1/m)$
$k\in N_{n}$ $O_{k}=\{e_{1},e_{2}, \cdots,e_{k}\}$ $O_{n}$ $R^{n}$ $1/m$
. $L_{0}=\{0\}$ $k\in N_{n}$ $L_{k}=\{\Sigma_{i=1}^{k}\alpha_{i}e_{i} :\alpha_{i}\in M_{m}\}$
$L_{n}$ $[0,1]^{n}$ $r\theta$ ($n$ )
. $k\in N_{n},$ $i\in$ 2 $L_{k}$ $L_{(k,k,0)}$ $L_{k}$
(1) $L_{(k,i,0)}=\{x\in L_{k}:(x)_{i}=0\}$ , (2) $L_{(k,i,1)}=\{x\in L_{k}:(x)_{i}=1 \}$.
51. $k\in$
(1) $i\in N_{k}$ $me_{i}$ $me_{i}\in L_{(k,i,1)}\subset L_{k}$
(2) $L_{k-1}=L_{(k,k,0)}$ .
(3) $k-1\geq]$ $i\in N_{k-1}$
(A) $L_{(k-1,i,0)}=L_{(k,i,0)}\cap L_{k-1}$ , (B) $L=L\cap L$ .
$n$
$X$ $R^{n}$ $X$ $l_{n}$ $X$ $x\in X$
$l_{n}(x)$ $x$ $A$ $X$ $l_{n}(A)=\{l_{n}(x):x\in A\}$
$k\in M_{n}$ $A$ $\#(A)=k+1$ $l_{n}(A)=$




52. $X$ $R^{n}$ $l_{n}$ $X$ $k\in N_{n}$ $X$
$A$ $\#(A)=k+1$ $l_{n}(A)$ $M_{k}$
(1) $A$ 2 $(k-1)_{c}$
(2) $\Lambda$ 1 $(k-1)_{c}$ $A$
$A$ $(k-1)_{c}$ 1 $B$ $\#(A)=k+1,$ $\#(B)=$ $B$
$k$ $0,1,\cdots,k-1$ $A$ $a\not\in B$ $a$
$l_{n}(a)\in M_{k-1}$ $l_{n}(x)=l_{n}(a)$ $x\in B$ $B$
$x$ $a$ 1 $(k-1)_{c}$ $B’$ $B’$ $A$
$B\neq B’$ $B$ $B’$ $A$ $(k-1)_{c}$ $l_{n}(a)=k$
$B$ $A$ $(k-1)_{c}$
$A$ (1) $A$ 1
$(k-1)_{c}$ $l_{n}(a)=k$ $\Lambda$ $k_{c}$ 1 $k_{c}$ $(k-1)_{c}$
1 (2) $\square$
$g$ $g([0,1]^{n})\subset[0,1]^{n}$ $[0,1]^{n}$ $R^{n}$ $f(x)=g(x)-x$ $f_{i}(x)$
$f(x)$ $i$ $f_{l}$ $f$ $[0,1]^{n}$ $R^{n}$ $f_{l}$ $[0,1]^{n}$ $R$
$g$ $[0,1]^{n}$ $[0,1]^{n}$
$i\in N_{n}$
(5.1) $f(x)\leq 0$ for $x\in L_{(n,i,1)}$ , $f(x)\geq 0$ for $x\in L_{(n,i,0)}$ .
$k\in N_{n}$ $L_{k}$ $M_{k}$ $l_{k}$ $k+1$
$(k)$ $(p)_{k}>0$ $f_{k}(p)\leq 0$ $p\in L_{k}$ p) $=k$
$(k-1)$ $(p)_{k-1}>0$ fk-l $(p)\leq 0$ $p\in L_{k}$ $l_{k}(p)=n-1$
(1) $(p)_{1}>0$ $fi(p)\leq 0$ $p\in L_{k}$ $l_{k}(p)=1$
(0) $p\in L_{k}$ p) $=0$
$l_{n}$ $n$ B-
Remark 5.3. k $\in$ N $l_{k}$ $(k)$ $L_{k}$ $L_{k-l}=L_{(k,k,0)}$
$k$ $L_{k-1}$ $k$ $(k-1),$ $\cdots,$ (0)
51(2)(3) $l_{k-1}$ $L_{k-1}$ $x\in L_{k-1}$
$l_{n}(x)=\cdots=l_{k-1}(x)$ $k\in M_{n}$ $l_{n}$ $L_{k}$
$l_{n}$ $L_{k}$ $l_{k}$ $k\in N_{n}$
$l_{k}$ 5.1 (5.1)
$(a)$ $l_{k}(0)=l_{n}(0)=0$, $(b)$ $l_{k}(me_{i})=l_{n}(me_{i})=i$,
$(c)$ $l_{k}(x)=l_{n}(x)\neq i$ for $x\in L_{(k,i,0)}$, $(d)$ $l_{k}(x)=l_{n}(x)\geq i$ for $x\in L_{(k,i,1)}$ .
$L_{n}$ $n$ $B$ $l_{n}$ Remark 5.3
54 54 3 (Pl)
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5.4. $k\in N_{n}$
(1) $L_{k}$ ( $+$ 1) $0,1,\cdots,k$ $l_{n}(L_{k})=M_{k}$
(2) $L_{k-1}$ $0,1,$ $\cdots,k-1$ $L_{k}$
$k\in N_{n}$ $x_{0}\epsilon L_{k}$ $i\in N_{k}$ $(x_{0})_{i}\neq 1$
$L_{k}$ ( $+$ 1) $x_{0},x_{1},$ $\cdots,x_{k}$
(5.2) (1) $x_{i}-x_{i-1}\in O_{k}$ for $i\in N_{k}$ ,
(2) $x_{i}-x_{i-1}\neq x_{j}-x_{j-1}$ for $i,j\in N_{k}$ , $i\neq j$ .
$k+1$ $\{x_{0},x_{1},\cdots,x_{k}\}$ -s -s 1
$(k-1)-fs$ $(k-1)-fs$ $karrow s$ $(k-1)-fs$
$\{0\}$ 0-s $s$” $fs$” ’.string” ”face sning”
2 2 2 $2-bs$ 1 $*$
$x_{0}$
2 $(m=4)$ k-s $(k-1)-fs$
2 2-s 1 -s
$(k-1)-fs$ 3 3
k-sA $k_{c}$ $k_{c}-s$ $k_{c}-s$ ( $+$ 1) ( $+$ 1)
$0,1,\cdots,k$ $(k-1)-fsB$ $(k-1)_{c}$ $(k-1)_{c}-fs$ ( -l)c-fs
$k$ $k$ 0,1, $\cdot\cdot\cdot$ , -1.
$CS_{k^{;}}$ &-s $CS_{0^{;}}$ $0arrow s\{0\}$
CFSk-l: $(k-1)_{c}-fs$
$S1_{k^{;}}$ $($ $-1)_{c}-fs$ 1 $\tilde$s
$\Omega_{k^{;}}$ $(k-1)_{c}-fs$ 2 k-s
2 56
3 $(P3XP4)$ 54 0-s $\{0\}$ $0_{c}$
55.
(1) $x,y$ 1 n-s $\Vert x-y\Vert\leq n/m$
(2) $i\in N_{n}$ $x,y\in L_{n}$ $l_{n}(x)=0$ $l_{n}(y)=i$ $f_{i}(x)f_{l}(y)\leq 0$
n-s (5.2) (1)




(1) CSk-l 1 $(k-1)_{c}-fs$
(2) CSk-l $CFS_{k-1}$ 2 k-s $($ $-1)_{c}-fs$
(3) k-s 2 $(k-1)_{c}-fs$
(4) $A$ $s$ $A\in S1_{k}$ $A\in CS_{k}$
$k=1$ (1)(2) $A$ $1-s$ $B$ 0-fs l-s 0-fs $i\in M_{m-1}$
$j\in M_{m}$ $A=\{i/m, (t+1)/m\},B=\{j/m\}$ $CS_{0}$ $\{0\}$ $\{0\}$
$0_{c}-fs$ $l_{n}(1)=1$ $\{0\}$ 1 l-s $0_{c}-fs$
$0_{c}-fs$ 2 l-s
$n>1$ $k-1\geq 1$ 54 $L_{k-1}$ $k$ $0,1,$ $\cdots,k-1$ $L_{k}$
Lk-l $($ $-1)_{c}-fs$ $L_{k}$ $B=$ {$\gamma_{0},y_{1},\cdots$ ,yk-l} $L_{k}$
$(k-1)_{c}-fs$ $(k-1)-fs$ $s\in N_{k-1}$ $y_{s}-y_{s-1}\neq e_{i_{0}}$
$i_{0}\in N_{k}$ 2
(A) $y_{s\text{ }}=y_{s\text{ }-1}+e_{i_{0}}+e_{j}$ $s0\in N_{k-i}$ $i\in N_{k}(i_{0}\neq J)$
(B) $s\in N_{k-1}$ $y_{s-1}\in O_{k}$
(A) 2 $B$ -s
$\{\gamma_{0}, \cdots,y_{s_{0}-1},y_{s_{0}-1}+e_{i_{0}},y_{s_{0}}, \cdots,y_{k-1}\},$ $\{\gamma_{0}, \cdots,y_{s_{0}-1},y_{s_{0}-1}+e_{j},y_{s_{0}}, \cdots,y_{k-1}\}$
(B) $B$ $L_{k-1}$ $L_{k}$ $B$ Lk-l
$0<(\nu 0)_{i_{0}}=\cdots=(,\prime_{k-1)_{i_{0}}}<1$
$\{\gamma_{0}-e_{i_{0},\mathcal{Y}0}, \cdots,y_{k-1}\}$ , $\{Yo, ,y_{k-1},y_{k-1}+e_{i_{0}}\}$
2 $B$ -s $B$ Lk-l $(\gamma_{0})_{k}=\cdots=(\gamma_{k-1})_{k}=0$
$e_{i_{0}}=e_{k}$ $B$ $($ $-1)_{c^{-S}}$ $CS_{k-1}$ $y_{0}-e_{k}$ $L_{k}$
$\{\gamma 0, \cdots,y_{k-l},y_{k-1}+e_{k}\}$ $B$ k-s $(k-1)_{c^{-S}}$ $(k-1)_{c}-fs$
$CS_{k-1}\subset CFS_{k-1}$ (1) (2)
k $\in$ N $A$ k-s . $\#(A)=k+1$ 54 $l_{n}(A)\subset M_{k}$
$A$ $\Lambda$ c-s k-s $B$ $B$ $(k-1)_{c}-fs$
$B$ ( -l)c 52 (3) (4)
5.7 (ST-lemma). $g$ $[0,1]^{n}$ $[0,1]^{n}$ $m$ $L_{n}$ $[0,1]^{n}$
$n$ $l_{n}$ $L_{n}$ $n$ B-labeling $\#(CS_{n})$
(1) $\{0\}$ $CS_{0}$ $\#(CS_{0})$
(2) $k\in N_{n}$ $\#(CS_{k-1})$ $\#(CS_{k})$
$\#(CS_{k-1})=a$ k-s $($ $-1)_{c}-fs$ -s
56(3) $S_{k}=\#(S1_{k})+2\#(S2_{k})$ 56(1)(2) $CS_{k-1}$




$\#(S1_{k})$ 56(4) $\#(S1_{k})=\#(CS_{k})$ $\#(CS_{k})$
(1),(2)
$[0,1]^{n}$ $n$ Spemer’s lemma 3 (P2)
Brouwer’s fixed point theorem. $g$ $[0,1]^{n}$ $[0,1]^{n}$ $g(c)=c$
$c\in[0,1]^{n}$
$f$ $f(x)=g(x)-x$ $[0,1]^{n}$ $R^{n}$ $i\in N_{n}$ $f_{l}$
(x) $=(f(x))_{i}$ $[0,1]^{n}$ $R$
(1) $m$ $L_{n}$ $[0,1]^{n}$ $n$ $L_{n}$ $n$ B-
57 $\#(CS_{n})$ $n_{c}-s$ $i\in M_{n}$
$l_{n}(p_{i})=i$ $(n+1)$ $p_{0},p_{1},\cdots,p_{n}$ 55(1)(2) $i\in N_{n}$
$\Vert p_{0}-p_{i}\Vert\leq n/m$ and $f_{l}(p_{0})f_{i}(p_{j})\leq 0$
$i\in N_{n}$ $a_{m,i}\in[0,1]^{n}$
$f(a_{m,i})=0$ and $a_{m,i}=(1-t_{i})p_{0}+t_{i}p_{i}$ for some $t_{i}\in[0,1]$ .
(2) $m$ $n$ $a_{m,1}$ , $\cdot\cdot\cdot$ , $a_{m,n}$ $i\in N_{n}$ $[0,1]^{n}$ {am, $i$}
- $\{a_{m,1}\}$ $c\in[0,1]^{n}$
$\{a_{m_{k},1}\}$ $m,i$
$\Vert a_{m,i}-a_{m,1}\Vert\leq\Vert a_{m,i}-Po||+\Vert a_{m,1}-po\Vert\leq\Vert p_{i}-po\Vert+\Vert p_{1}-p_{0}\Vert\leq 2n/m$
$i\in N_{n}$ $\lim_{marrow\infty}\Vert a_{m,i}-a_{m,1}\Vert=0$ $i\in N_{n}$ $\{a_{m,i}\}$
$\{a_{m_{i},i}\}$ $c$ $f_{l}(a_{m_{k},i})=0$ $f_{l}$
$f_{i}(c)= \lim_{m,^{arrow\infty}}f_{i}(a_{m_{k},i})=0$
$i\in N_{n}$ (c) $=0$ $f(c)=g(c)-c=0$
: $n$- 3 T-lemma lemma
lemma $C$ $f$ $C$ $f$
1
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